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CONNECTED SUMS OF KNOTS DO NOT ADMIT PURELY
COSMETIC SURGERIES
RAN TAO
Abstract. Two Dehn surgeries on a knot are called purely cosmetic if their
surgered manifolds are homeomorphic as oriented manifolds. Gordon conjec-
tured that non-trivial knots in S3 do not admit purely cosmetic surgeries. In
this article, we confirm this conjecture for connected sums of knots by analysing
the JSJ-structures.
1. introduction
Let K be a knot in S3, we call two different surgery slopes r and s purely
cosmetic if the surgered manifolds S3r (K) and S
3
s (K) are homeomorphic as oriented
manifolds. The Cosmetic Surgery Conjecture ( [Gor91,Kir97]) says that ifK is non-
trivial, then it does not admit purely cosmetic surgeries. In [Tao19], we confirmed
this conjecture for cable knots by studying the JSJ-structures. It is natural to ask
if this method can be applied to other families of knots. In this article, we show
that composite knots, which are connected sums of non-trivial knots, also satisfy
this conjecture. Our main result is the following:
Theorem 1.1. Let J be a composite knot. Suppose there exists an orientation-
preserving homeomorphism h : S3r (J)→ S
3
s (J), then r = s.
We mention a related result here, which was recently proved in [Han19] using
Heegaard Floer homology. Note that our result includes Theorem 1.2 as partial
cases.
Theorem 1.2 (Theorem 4 of [Han19]). Let K ⊂ S3 be a non-trivial knot whose
prime summands each have at most 16 crossings, then S3r (K) 6
∼= S3s (K) for r 6= s.
Our result uses the following obstruction theorem, which improves the main
result in [NW15].
Theorem 1.3 ( [Han19]). If K is a non-trivial knot in S3 and S3r (K)
∼= S3s (K)
for r 6= s, then we have the following:
• The pair of slopes {r, s} are either {±2} or {±1/q} for some positive integer
q;
• if {r, s} are {±2}, then the Seifert genus g(K) = 2;
• if {r, s} are {±1/q}, then q ≤
th(K) + 2g(K)
2g(K)(g(K)− 1)
, where th(K) is the Heegaard-
Floer thickness of K.
The outline of the proof of Theorem 1.1 is the following: first, we only need
to consider surgery pairs {±2}, {±1} and {±1/q} for q > 1 by Theorem 1.3; if
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{r, s} = {±1/q} for q > 2, then the JSJ-pieces of S3r (K) and S
3
s (K) are different;
if J has at least three prime summands and {r, s} = {±1/2}, or if J has only
two prime summands and {r, s} ⊂ Z, then the JSJ-structures are easy to analyse;
the remaining cases are more difficult, and we need to analyse more carefully the
mappings and symmetries of the surgered manifolds.
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Figure 1. Left: A composite knot J with three prime sum-
mands: 77, the Figure-8 knot, and the Whitehead double of the
Figure-8 knot. Right: the corresponding tree structure of the JSJ-
decomposition of E(J).
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2. The JSJ-decompositions of knot complements
Notation 2.1. The notation M ∼= M ′ means that there exists an orientation-
preserving homeomorphism between oriented 3-manifolds M and M ′. All the 3-
manifolds in this article are assumed to be compact and oriented.
We use N(K) to denote a tubular neighborhood of the knot K in a 3-manifold
and E(K) to denote the complement of N(K) in this manifold. We assume K is
a knot in S3 unless otherwise stated. For each knot K, a prefered longitude is a
simple closed curve on ∂N(K) with trivial homology in E(K).
Fix a knot K, we can talk about the slopes at the boundary torus of N(K) or
of E(K). A (p, q)-curve or a p/q-slope is a simple closed curve that winds p times
along the meridional direction and q times along the prefered longitude. In most
cases, this torus is the boundary of N(K) (or E(K)) of a knot K, and the prefered
longitude is chosen to be a parallel copy of K on ∂N(K) which has linking number
0 with K.
We use Cp,q(K) to denote the (p, q)-cable of K, with longitudinal winding num-
ber |q| > 1. Since Cp,±1(K) is isotopic to K, we require that |q| ≥ 2.
Let M be a 3-manifold with a toroidal boundary component. Suppose we can
talk about (p/q)-slopes on this boundary torus. We useM(r) to denote the resulting
manifold of the r-slope Dehn filling on M .
We use the standard notation S(0, n;α/β) to denote the Seifert fibered space
with n boundary components, one singular fiber with coefficient α/β, and a base
orbifold of genus zero. We omit α/β if there are no singular fibers.
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In this section, we collect some results related to JSJ-decomposition [JS78,Joh79,
Hat00,Bud06]. Most materials are taken from [Tao19].
Theorem 2.2 (The JSJ-decomposition theorem, Theorem 1.9 of [Hat00]). Let M
be a compact irreducible orientable 3-manifold. Then there exists a finite collection
of embedded tori {Ti} in M such that each component of M\∪iTi is either atoroidal
or Seifert fibered. Furthermore, a minimal choice of such a collection is unique up
to isotopy.
Definition 2.3. We call the unique isotopy class of decomposition tori (or any
representative) in the above theorem the JSJ-tori of M . We call an embedded
torus T a JSJ-torus if T is isotopic to a torus in the collection of JSJ-tori. We
also call the components resulting from decomposing M along the the JSJ-tori the
JSJ-pieces of M . We just call an object JSJ for short in the above cases if there is
no ambiguity.
Remark 2.4. We can apply the JSJ-decomposition theorem to a manifold with
incompressible toroidal boundary by considering its double. In particular, knot
complements admit JSJ-decompositions. See [Bud06] for an explicit description of
this JSJ-structure.
We need a criterion on whether certain tori are JSJ.
Proposition 2.5 (Proposition 1.6.2 of [AFW15]). Let M be a compact irreducible
orientable 3-manifold with empty or toroidal boundary. Let {Ti} be a collection of
disjoint embedded incompressible tori in M . Then {Ti} are the JSJ-tori of M if
and only if the following holds:
(1) each component {Mj} of M\ ∪i Ti is atoroidal or Seifert fibered;
(2) if Ti cobounds Seifert fibered components Mj and Mk (with possibly j = k),
then their regular fibers do not match; in other words, their Seifert fibered
structures can not be glued together along Ti to form a larger one;
(3) if a component Mi is homeomorphic to T
2 × I, then M is a torus bundle
with only one JSJ-piece.
The following lemma says that homeomorphic 3-manifolds must have identical
JSJ-pieces. This is one of the key ideas of this article.
Lemma 2.6 (Lemma 2.4 of [Tao19]). Let N , F , and F ′ be compact 3-manifolds
with toroidal boundaries. Suppose F and F ′ are atoroidal or Seifert fibered. Let
M = N∪T F and M
′ = N∪T ′F
′ be manifolds obtained by gluing along the boundary
tori. Suppose further that the gluing tori T and T ′ are JSJ in M and M ′. If F 6∼= F ′,
then M 6∼=M ′.
We need a description of the JSJ-decomposition of knot complements in S3.
The following theorem is due to Budney [Bud06], which is based on previous works
by Jaco and Shalen [JS78], Johannson [Joh79], Bonahon and Siebenmann [BS87],
Eisenbud and Neumann [EN85], and Thurston [Thu82]. We use the version refor-
mulated by Lackenby.
Theorem 2.7 (Theorem 4.1 of [Lac17], Theorem 4.18 of [Bud06]). Suppose K
is a knot in S3 such that S3\int(N(K)) has at least one JSJ-torus. Let M be a
JSJ-piece of S3\int(N(K)). Then M has one of the following forms:
(1) an annulus based Seifert fibered space with one singular fiber; we call this
space a cable space; when M contains ∂E(K), the knot K is a cable knot;
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Figure 2. The key-chain link H3. Each ‘key’ corresponds to a
prime summand of the composite knot. The distinguished circle
corresponds to ∂E(K). The complement of this key-chain link
corresponds to the node S in Figure 3.
(2) a Seifert fibered space S(0, n+1; ) with n ≥ 2; this space is the complement
of the ‘key-chain’ link Hn (Figure 2) as described in [Bud06]; we call this
space a composing space; note that a JSJ-piece adjacent to M can not
be again a composing space; when M contains ∂E(K), the knot K is a
composite knot; and we say that the component of Hn corresponding to
∂E(K) is distinguished;
(3) a hyperbolic manifold which is homeomorphic to the complement of some
hyperbolic link L in S3; this link becomes a trivial link or the unknot if a par-
ticular component is removed; we say this component is distinguished; when
M contains ∂E(K), this distinguished component corresponds to ∂E(K);
(4) a torus knot complement in S3; in this case, we have ∂N(K) 6⊂M .
The JSJ-decomposition of the complement of a knot K in S3 has a natural graph
structure. The vertices correspond to JSJ-pieces, and the edges correspond to the
JSJ-tori along which adjacent JSJ-pieces are glued. By the generalized Jordan
Curve Theorem( [GP74], also see [Bud06]), each embedded torus in S3 seperates,
and hence this graph is acyclic. In other words, this graph is a tree.
Definition 2.8. We call a graph defined as above a JSJ-tree. See Figure 3 for an
example.
Certain unions of JSJ-pieces in E(K) can be regarded as knot complements.
Lemma 2.9 (cf. Proof of Theorem 1.1 of [Lac17]). Let K be a non-trivial knot
in S3 and M be a union of JSJ-pieces of E(K). Suppose the boundary of M is a
torus. Then M is the complement of some non-trivial knot in S3.
Proof. It is well known that each embedded torus in S3 bounds a solid torus.
This solid torus contains K since ∂M is incompressible in E(K). By the same
argument, the other side of this torus, which is M , is not a solid torus. Hence M
is the complement of a non-trivial knot in S3. 
Now we have described the JSJ-pieces of knot complements. In order to anal-
yse how these JSJ-pieces fit together, we need to parametrize the slopes on their
boundary tori. Our convention is to regard each JSJ-torus as a knot boundary,
which is provided by Lemma 2.9.
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Figure 3. Left: The JSJ-tree of a composite knot J with 3 prime
knot summands. The root S is the Seifert fibered space S(0, 3; ).
This composite knot J has three prime summands J1, J2, and J3.
Each maximal subtree with root labeled by ji corresponds to the
knot complement E(Ji). In this graph, the prime summands J1
and J2 are non-satellite knots and their complements have trivial
JSJ-decompositions. The prime factor J3 is a satellite knot. Note
that the vertex j3 can not be a composing space since J3 is prime
by assumption. Right: The same JSJ-tree as the left one, but we
use an elliptical node to represent a collection of nodes. The thick
edge means that j3 may have multiple subtrees. The notation j¯3
denotes the maximal subtree rooted at j3.
Remark 2.10. While the orientations of knots do not concern the orientations of
their complements, they are important to connected sums. However, non-invertible
prime summands (of a composite knot J) with different orientations do not bother
us, since the slopes at relevant tori are well-defined.
There is another way to parametrize certain JSJ-tori. Let M be the JSJ-piece
containing ∂E(K). Suppose M is S(0, n + 1; ) or a hyperbolic manifold, then M
is the complement of a key-chain link Hn or of a hyperbolic link. We can also use
(the components of) this link to parametrize slopes on the boundary tori of M (or
of JSJ-pieces adjacent to M).
These two parametrizations are related as follows.
Proposition 2.11 ( [Bud06], [Lac17]). Let M be S(0, n+1; ) or a hyperbolic man-
ifold as above. Then the slopes defined by the two different parametrizations agree
on ∂E(K) and are inverse to each other on the remaining boundary components.
Proof. This is a direct consequence of the definition of the ‘splicing’ of [Bud06].
See Example 4.9 of [Bud06]. Also see Theorem 4.2 of [Lac17]. Note that the torus
∂E(K) corresponds to the distinguished component of the key-chain link Hn or of
the hyperbolic link. On the other boundary tori, the meridians (or longitudes) of
the connected components of E(K)\M correspond to the longitudes (or meridians)
of the remaining components of Hn or of the hyperbolic link. 
The following two lemmas describe the fiber-slopes of Seifert fibered JSJ-pieces.
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Lemma 2.12 (Lemma 2.8 of [Tao19] and cf. Lemma 7.2 of [Gor83]). Suppose K is
a cable knot Cp′,q′(K
′) in S3. then the closure of N(K ′)\N(K) is a Seifert fibered
space. Each of its regular fiber has slope p′/q′ at ∂N(K ′) and p′q′/1 at ∂N(K).
Lemma 2.13 ( [Bud06]). Let J be a composite knot and Ji be a prime summand.
Suppose M is the JSJ-piece of E(J) containing ∂E(J). Then the regular fibers of
M has meridional slopes at ∂E(Ji) and at ∂E(J).
Proof. The Seifert fibered space S(0, n+1; ) is the link complement ofHn in S
3. The
boundary component ofM containing ∂E(J) corresponds to the distinguished com-
ponent of Hn. The regular fibers on ∂E(J) are the meridians of this distinguished
component, and the regular fibers on ∂E(Ji) are the longitudes of the components
of Hn corresponding to Ji. Then the statement follows from Proposition 2.11. 
3. homeomorphisms of JSJ-pieces
Let J be a composite knot and M be the JSJ-piece containing ∂E(J). By
Theorem 2.7, M is a composing space S(0, n+ 1; ). The fiber-slope of this space is
meridional on ∂E(J), and the α/β-slope Dehn filling on ∂E(J) replaces S(0, n+1; )
with S(0, n;α/β).
In this section, we describe the self-homeomorphisms of a Seifert fibered space
with boundary.
Definition 3.1. We call a self-homeomophism of a 3-manifold a vertical Dehn twist
if it is the identity outside a tubular neighborhood of an essential annulus (or of a
torus). We call such an annulus (or a torus) a twist annulus (or a twist torus).
Theorem 3.2 (cf. [Joh79], Section 25). Let M be a Seifert fibered space with
non-empty boundary. Suppose the base orbifold is oriented and the Seifert fibered
structure of M is unique. Then the mapping class group of M is generated by
vertical Dehn twists and homeomorphisms of the base space which maps singular
points to singular points of the same multiplicity. The twist annuli are essentially
those connecting distinct boundary components, and the twists along tori have no
effect on the boundary.
Remark 3.3. We can assume the orientation-preserving homeomorphisms of the
base orbifold restrict to the identity on each boundary component, up to permuta-
tions of these boundary circles. This is because the group Homeo+(S1) deformation
retracts to the group of rotations of S1.
Proposition 3.4 (cf. Proposition 2.1 of [Hat00]). The Seifert fibered spaces S(0, n;α1/β1)
and S(0, n;α2/β2) (n ≥ 1) are homeomorphic as oriented manifolds iff α1/β1 ≡
α2/β2 (mod 1). In addition, any orientation-preserving homeomorphism has the
effect of a sequence of non-trivial Dehn twists along the fiber direction on at least
one boundary component.
Proof. An homeomorphism from S(0, n;α1/β1) to S(0, n;α2/β2) is induced by ver-
tical Dehn twists such that at least one twist annulus connects the tubular neigh-
borhood of the fiber of type α1/β1 and a boundary component of the Seifert fibered
space S(0, n;α1/β1). (Strictly speaking, these particular vertical Dehn twists are
defined for S(0, n; ) and the homeomorphism extends to a map from S1 to S2.) In
particular, this homeomorphism restricts to a Dehn twist along a regular fiber on
some boundary torus. Since any orientation-preserving homeomorphism is the map
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above composed with an automorphism of S(0, n;α2/β2), the second statement fol-
lows from Theorem 3.2. 
When dealing with homeomorphisms from one manifold to another, we need
to know how the slopes on some JSJ-tori are mapped. When the slopes are
parametrized by knot complements bounded by the relevant JSJ-torus, orientation-
preserving homeomorphisms preserve the slopes due to the following theorem.
Theorem 3.5 (The Knot Complement Theorem, [GL89]). Two knots are isotopic
if and only if their complements in S3 are homeomorphic as oriented manifolds. In
addition, each such homeomorphism sends meridians to meridians and longitudes
to longitudes.
4. proof of the main theorem
In this section, we prove that S3r (J) 6
∼= S3s (J) for r 6= s. First, we exclude most
cases by the following proposition.
Proposition 4.1. If S3r (J)
∼= S3s (J), then the pair {r, s} is either {±1}, {±2}, or
{±1/2}.
Proof. By Theorem 1.3, we have r ∈ {±1,±2,±1/q} with q > 1. When r = 1/q
with q > 2, the two Dehn filled Seifert fibered spaces S1 and S2 are not homeomor-
phic as oriented manifolds, by Proposition 3.4. Then the statement follows from
Lemma 2.6. 
For convenience, we introduce the following notation.
Notation 4.2. Given n and r = α/β, we use S0, S1 and S2 to denote the Seifert
fibered JSJ-pieces S(0, n+ 1; ) ⊂ E(J), S(0, n;α/β) ⊂ S3r (J), and S(0, n;−α/β) ⊂
S3−r(J) respectively.
For the rest of this article, we assume the existence of a potential homeomorphism
h : S3r (J) → S
3
−r(J). This map should send S1 to S2 or elsewhere. We show that
both cases lead to contradictions, and hence such an h does not exist. The following
lemma tells us h(S1) 6= S2. Note that we can naturally identify S
3
r (J)\S1 with
E(J)\S0.
Lemma 4.3. There is no orientation-preserving homeomorphism from S3r (J) to
S3−r(J) which sends S1 to S2.
Proof. We first suppose that h fixes each connected component of E(J)\S0. By
Theorem 3.5, the map h preserves the slopes of each connected component of
∂E(J)\S0, i.e., it preserves the slopes on each component of ∂S1. This contradicts
the fact that h has the effect of non-trivial Dehn twists on at least one boundary
component of S1, by Proposition 3.4.
Now suppose that some of the prime summands of J are isotopic, probably with
different orientations. (cf. Remark 2.10.) The map h is slope-preserving on the
boundary components of S1 as above, which again contradicts Proposition 3.4. 
From now on, we assume h(S1) 6= S2, and we only consider pairs {±1}, {±2}
and {±1/2}.
Corollary 4.4. Let J be a composite knot. Suppose it has at least three prime
summands and r = ±1/2, or it has two prime summands and r ∈ Z. Then S3r (J) 6
∼=
S3−r(J).
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Proof. If n ≥ 3 and r = ±1/2, then S1 is a Seifert fibered space with ≥ 3 boundary
components and with a singular fiber; if n = 2 and r ∈ Z, then S1 is a Seifert
fibered space with two boundary components and without singular fibers. In both
cases, there is no JSJ-piece of S3−r(J)\S2 homeomorphic to S1, by Theorem 2.7.
Thus any homeomorphism from S3r (J) to S
3
−r(J) must send S1 to S2, then the
statement follows from Lemma 4.3. 
Notation 4.5. Let Ji be a prime summand of J . We use Z¯i to denote the part
of S3r (J) corresponding to E(Ji) in the JSJ-tree. For that of S
3
−r(J), we use the
notation Z¯ ′i. Using these notations, each JSJ-tree is simply the union of S1 (or
S2) and some Z¯i’s (or Z¯
′
i’s). Since we assume h(S1) 6= S2, it follows that h(S1)
must be contained in some Z¯ ′i. We use Y¯
′ instead of Z¯ ′i, indicating that it contains
h(S1), and use JY to denote the corresponding prime summand. We also use a set
of notations without ‘bar’. For example, Y ′ means the JSJ-piece in Y¯ ′ containing
∂Y¯ ′. See Figure 4.
S1 Y Y¯ \Y
Z¯1
Z¯2
S2 Y
′ Y¯ ′\Y ′
Z¯ ′
1
Z¯ ′
2
h
Figure 4. This picture illustrates the JSJ-trees of S3r (J) (above)
and S3−r(J) (below) when n = 3. For n > 3, we just have more Z¯i
nodes. Each round node represents a JSJ-piece, and each elliptical
node represents a union of JSJ-pieces. The elliptical nodes Z¯i and
Z¯ ′i denote the knot complements E(Ji). The thick lines between
Y and Y¯ \Y denotes a multiple-edge, meaning that Y may have
more than one subtrees. The nodes contained in the large ellipse
forms Z¯ ∪S1, which is mapped into Y¯
′ by Lemma 4.6. In the case
n ≥ 3, we have h(S1) 6= Y
′ and hence Z¯∪S1 is mapped into Y¯
′\Y ′
(Lemma 4.6).
Lemma 4.6. We have h(Z¯i ∪ S1) ⊂ Y¯
′ for each i. Furthurmore, we have h(Z¯i ∪
S1) ⊂ Y¯
′\Y ′ when n ≥ 3.
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Proof. Since h(S1) ⊂ Y¯
′, there is a connected component of S3−r(J)\h(S1) which
contains S2 and hence contains each Z¯i
′
. This component is actually h(Y¯ ) since
it contains more JSJ-pieces than each Z¯i does. Indeed, the other connected com-
ponents (which are not shown in Figure 4) are contained in Y¯ ′. Thus each h(Z¯i)
corresponds to a connected component of S3−r(J)\h(S1) contained in Y¯
′.
When n ≥ 3, the spaces S2 and h(S1) are composing spaces with ≥ 3 bound-
ary components (cf. Corollary 4.4). Since Y ′ is adjacent to S2, it can not be a
composing space, by Theorem 2.7. Hence we have h(S1) 6= Y
′. 
Lemma 4.7. The spaces h(Z¯ ∪ S1) and h(Y ∪ S1 ∪ Z¯) can be regarded as knot
complements.
Proof. By Lemma 4.6, both spaces are contained in Y¯ ′, and hence can be regarded
as submanifolds in S3. Then the statement follows from Lemma 2.9. 
Proposition 4.8. Suppose J has two prime summands. Then S3
1/2(J) 6
∼= S3
−1/2(J).
Proof. Since J has two prime summands, S1 is a Seifert fibered space with two
boundary components and with one singular fiber, i.e., a cable space. This also
means that h(S1) is a cable space. The image h(Z¯1∪S1) and h(Z¯1) can be regarded
as knot complements in S3, by Lemma 2.9 and Lemma 4.6. Furthermore, the space
h(Z¯1 ∪S1) must be the complement of a cable of a non-trivial knot since h(S1) is a
cable space. By Lemma 2.12, the fiber-slope of h(S1) at ∂h(Z¯1) is not meridional.
On the other hand, the fiber-slope of S1 at ∂Z¯1 is meridional. Since h preserves
slopes and sends fibers to fibers, we have a contradiction. 
It remains to deal with the case when n ≥ 3 and r = ±1 or ±2. However, the
slopes r = ±2 can be excluded by Theorem 1.3, since the genus of J is greater than
two when n ≥ 3. Thus the difficulty lies in dealing with the slopes ±1.
We denote the disjoint union of all the Z¯i’s (not including Y¯
′) by Z¯.
Lemma 4.9. The space Z¯ ∪ S1 can be regarded as a knot complement. The fiber-
slope of S1 at the boundary of Z¯ ∪S1 is meridional. In particular, the meridians of
Y¯ are glued to the meridians of Z¯ ∪ S1.
Proof. The first statement follows from Lemma 4.7. An example of Z¯ ∪ S1 is
circled in Figure 4 by a large ellipse. For the second statement, note that S1 is a
composing space with ≥ 3 boundary components. Then Z¯ ∪ S1 can be regarded as
the complement of some composite knot J ′, and the fiber-slope of S1 is meridional
at ∂E(J ′) parametrized using Z¯∪S1, by Lemma 2.13. The fiber-slope of S1 is again
meridional at ∂Y¯ , parametrized using Y¯ . Thus we obtain the last statement. 
Proposition 4.10. S31(J) 6
∼= S3−1(J).
Proof. First, we assume Y is a cable space. It follows that h(Y ) is also a cable
space with a singular fiber of the same multiplicity. By Theorem 2.7, the space
h(Y¯ ) is the complement of some (p′, q′)-cable, and h(Y ∪S1∪ Z¯) is the complement
of some (p′′, q′)-cable. (cf. Lemma 4.7.) By Lemma 2.12, the fiber-slope of Y at
∂Y¯ is p′q′/1, parametrized by Y¯ , and the fiber-slope of h(Y ) at ∂h(Z¯∪S1) is p
′′/q′,
parametrized by h(Y ∪ S1 ∪ Z¯). (See Figure 5.) The intersection number of the
fibers of Y with the meridians of Y¯ is one. By Lemma 4.9, the fibers also intersect
once with the meridians of Z¯ ∪ S1. However, the intersection number of the fibers
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S1YY¯ \Y
p′q′/1
Z¯1
Z¯2
S3
r
(J)
h(S1)h(Y )h(Y¯ \Y )
p′′/q′
h(Z¯1)
h(Z¯2)
S3
−r
(J)
S2 Y ′ Y¯ ′\Y ′
Z¯ ′
1
Z¯ ′
2
S3
−r
(J)
Id
h
Id
Figure 5. Illustration of Proposition 4.10. The first row is
the JSJ-tree for S3r (J) and the other two rows are the JSJ-trees
for S3−r(J). These two JSJ-trees for S
3
−r(J) look different because
different parts of the JSJ-trees are explicitly drawn. (Recall that
each elliptical node represents a collection of JSJ-pieces.) The
fiber-slopes are added for the case that Y is a cable space. The
case of hyperbolic Y : in the first row, the spaces Y¯ and S1 ∪ Z¯ are
glued by identifying meridians with meridians; (both spaces are
knot complements;) in the second row, the corresponding spaces
are glued by identifying longitudes with meridians.
of h(Y ) with meridians of h(Z¯ ∪ S1) is q
′(≥ 2). Since h preserves both slopes and
fibers, we have a contradiction.
Second, we assume Y is the complement of a hyperbolic link L. Regarding
Y¯ as the knot complement E(JY ), its boundary corresponds to the distinguished
component L0 of L, and its longitudes are identified with the longitudes of L0. Since
h preserves slopes, the longitudes of h(Y¯ ) should be identified with the longitudes
of h(L0). Now recall that h(Y ∪ S1 ∪ Z¯) can be regarded as a knot complement.
By Proposition 2.11, the meridians of h(Z¯ ∪S1) are the longitudes of h(L0). (Note
that h(L0) is not the distinguished component of h(L).) Hence we see that the
longitudes of h(Y¯ ) are identified with the meridians of h(Z¯ ∪ S1). However, the
meridians of Y¯ are glued to the meridians of Z¯ ∪ S1, by Lemma 4.9. Since h
preserves slopes by Theorem 3.5, we have a contradiction. 
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Combining Proposition 4.1, 4.8, 4.10, and Corollary 4.4, we have the following
theorem.
Theorem 4.11. Let J be a composite knot. Suppose there exists an orientation-
preserving homeomorphism h : S3r (J)→ S
3
s (J), then r = s.
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